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Abstract 

Let On denote the Cuntz algebra for n > 2. We introduce an 
embedding / of Om into On arising from a geometric progression of 
Cuntz generators of On- By identifying Om with f{Oni), we extend 
Cuntz states on Om to On- We show (i) a necessary and sufficient 
condition of the uniqueness of the extension, (ii) the complete classi¬ 
fication of all such extensions up to unitary equivalence of their GNS 
representations, and (iii) the decomposition formula of a mixing state 
into a convex hull of pure states. The complete set of invariants of all 
GNS representations by such pure states is given as a certain set of 
complex unit vectors. 
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1 Introduction 

The aim of this paper is to classify a certain class of pure states on Cuntz 
algebras in succession to the previous work |36]. For a unital C*-algebra A 
and a unital C*-subalgebra B of A, any state uj on B has an extension a) 
on A, that is, a) is a state on A which satisfies Cj\b = oj ([IH], 2.10.1), but 
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it is not unique in general. In this paper, we completely classify extensions 
of a certain class of pure states on Cuntz algebras up to unitary equivalence 
of their Gel’fand-Naimark-Segal (=GNS) representations. In consequence, 
a new class of pure states on Guntz algebras and the complete set of their 
invariants are given. In this section, we show our motivation, definitions and 
main theorems. Their proofs will be given in § [31 

1.1 Motivation 

1.1.1 Classification problem of pure states on Cuntz algebras 

A central problem of representation theory of groups is the understanding 
irreducible representations [39l SO]. For example, it means construction of 
irreducible representations, finding a complete set of invariants of represen¬ 
tations, and understanding these invariants. Our purpose is to study irre¬ 
ducible representations of C*-algebras according to such subjects. By GNS 
construction, the state theory of a C*-algebra A can be interpreted as the 
(cyclic) representation theory of A almost all. Hence we mainly consider 
(pure) states instead of (irreducible) representations in this paper. 

For Cuntz algebras which are typical examples of separable inhnite sim¬ 
ple C*-algebras (see §01), representations and states have been studied by 
many authors [SHHlSlISlilllilllllSlilSlEniESlIMlESlIMlIlIlllSlIlS]- They 
have various applications, for example, endomorphisms of H('H) [HI UHl 1^ - 
iterated function systems [7], Markov measures miiiH], wavelets [26], con¬ 
tinued fractions [37], construction of i?-matrices [35], construction of multi¬ 
plicative isometries [33], invariant measures [28], and string theory [2]. But 
their classihcations have not been finished yet. 

We intend to develop the classification of pure states on Cuntz algebras 
by constructing a new class of states. For this purpose, we take notice of 
Cuntz states which are completely classihed pure states with explicit numer¬ 
ical invariants (see I1.2.2B About other result of complete classihcation of 
states, see [3T| . 

As a method to construct new states, we consider extensions of Cuntz 
states in this paper. A new idea is as follows: In the previous work [36], we 
classified extensions of Cuntz states on On^ to On for any integer m > 2 
with respect to a certain embedding of On-^ into On- In this paper, we gen¬ 
eralize a method to extend Cuntz states but not replace Cuntz states with 
general states. This is a crucial point to make a computable theory. For a 
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general embedding / of Om into On, we introduce a new notion “/-sub-Cuntz 
state” as an extension of a Cuntz state on Om to On 11.2.21) . As examples 
of /-sub-Cuntz state, we choose a certain class of embeddings (= geomet¬ 
ric progression embeddings) and classify /-sub-Cuntz states associated with 
them (= geometric progression states) fl dl.2.3p . We will more closely explain 
this idea and its merits in the next subsection. 

1.1.2 Extensions of Cuntz states arising from embeddings 

For 2 < n < cx), let On denote the Cuntz algebra. The outline of our strategy 
is as follows: 

Step 1 Fix a unital embedding / of Om into On and identify Om with f{Om)- 

Step 2 Extend Cuntz states on Om to On with respect to the inclusion Om 
On in Step 1. 

Step 3 Study such extensions: 

(a) For a given Cuntz state ca, is an extension of ca unique? 

(b) If it is unique, then write down its state values explicitly. 

(c) Find the condition of equivalence between two extensions. Fur¬ 
thermore, hnd the complete set of invariants of extensions. 

(d) If a parametrization of such (equivalence classes of) extensions are 
given, then investigate properties of the parametrization closely. 

These will be explicitly explained in § 11.2.21 again. Merits of this scheme are 
as follows: 

(i) Cuntz states are well studied and they have a good parametrization. 
Hence it is expected that their generalizations also have good proper¬ 
ties. For example, sub-Cuntz states are successful generalizations |36] . 

(ii) If one succeeds at the proof of the uniqueness of extension, then the 
purity of the extended state holds automatically ([13], 4.1.7). 

(hi) Embeddings are available to study states as new tools. If one chooses 
adequate embeddings, then it is expected that states arising from them 
are computable and one can get the complete classihcation of them. 
Furthermore, one can easily generalize known theorems by generalizing 
related embeddings (see Dehnition 11.41 and fl2.2p '). 


3 











(iv) It is considered that this method is a kind of indnced representation 
theory in the broad sense of the term. Well-known Rieffel’s indnction 
[H] requires a conditional expectation (or its generalization) from an 
algebra to a subalgebra in order to define an induced representation. 
However, to hnd a conditional expectation is not easy except a few 
typical classes. Even if one does not know a conditional expectation, 
extensions of states always exist (Step 2) and (special classes of) em¬ 
beddings can be easily constructed. Hence we expect that this scheme 
can play a role of alternatives of the induced representation theory of 
C*-algebras. 

This paper includes results in |27] by interpreting “representation” as 
“state”. 

1.2 Geometric progression states 

In this subsection. Erst, we will introduce a class of states arising from a gen¬ 
eral embedding of Cuntz algebras. Next, we will define geometric progression 
states as its special case. For 2 < n < oo, let On denote the Cuntz algebra 
[T2] , that is. On is a C*-algebra which is universally generated by a (hnite or 
inhnite) sequence si,..., Sn satisfying s*Sj = 6ijl for z, j = 1,..., n and 

n k 

SiS* = I when n < oo, SiS* < I, k = 1,2,... when n = oo (1.1) 

i=l i=l 

where I denotes the unit of On- The Cuntz algebra On is an inhnite dimen¬ 
sional, noncommutative C*-algebra with unit. Furthermore, On is simple, 
that is, there exists no nontrivial closed two-sided ideal of On- 

1.2.1 Embeddings of Cuntz algebras 

We review basics of general embeddings of Cuntz algebras. For two uni- 
tal C*-algebras A and B, let Hom(H, B) denote the set of all unital *- 
homomorphisms from A to B. If A is simple, then any / G Hom(H, H) 
is injective, that is, / is an embedding of A into B. In this paper, we con¬ 
sider only unital embeddings. Let si,..., denote Cuntz generators of On- 
In general, / G Hom(C>„, A) is identihed with Cuntz generators Si, - - - ,Sn 
in A as /(sj) = Si for i = 1,... ,n. Hence we can define / by only images 
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Remark 1.1 ([30], Lemma 2.1) For 2 < m,n < oo, }iom(Om,On) 7 ^ 0 if 
and only ifm = (n — l)fc + l for some k > 1. In this paper, we always assnme 
the latter condition for {m,n) for a given inclusion Om C On- 

1.2.2 /-sub-Cuntz states 

In this subsection, we introduce /-sub-Cuntz states. For this purpose, we 
review Cuntz state on On- For 2 < n < 00 , let si,...,s„ denote Cuntz 
generators of On- For any complex unit vector .2 = (zi,..., Zn) G C”, a state 
Uz on On which satishes 


^z{sj) = Zj for all / = 1,..., n, (1.2) 

exists uniquely and is pure, where Jj denotes the complex conjugate of Zj- 
When n = 00 , replace C" by := {{zj) : J2j>i = f}- The state cuz is 
called the Cuntz state by 2 ; [g El uni [n]. GNS representations by Uz and 
Uy are unitarily equivalent if and only z = y (see Appendix B in [36]). 
Bratteli and Jorgensen [7] introduced sub-Cuntz states as generalizations of 
Cuntz states (see § 12.2p . Furthermore, we generalize sub-Cuntz states as 
follows. 

Fix / G }lom{Oni, On) and identify Om with f{Om) C On for 2 < m < 
00 . With respect to this identideation, an extension of a Cuntz state on Om 
to On always exists. We call such a state as an f -sub-Cuntz state on On- 
More concretely, for a unit vector 2 ; = ( 2 ^ 1 ,..., Zm) € oj is an /-sub-Cuntz 
state on On by 2 ; if cu is a state on On which satishes the following equations: 

^(/(^i))=^ for all j = 1,... ,m (1.3) 

where ti,... ,tm denote Cuntz generators of Om- When n = 00 , replace C” 
by C- The most essential properties of /-sub-Cuntz state are as follows. 

Lemma 1.2 Fix 2 < m < 00 and f E Hom(C>m,, C^n)- Let V := C"* when 
m < 00 and V := C when m = 00 . Define Vi := {x G C : ||x|| = 1}. 

(i) (Existence) For any z E Vi, an f-sub-Cuntz state on On by z exists. If 
it is unique, then it is pure. 

(ii) (Equivalent conditions) For z E Vi and a state oj on On with the CNS 

representation the following are equivalent: 

(a) to is an f-sub-Cuntz state by z. 
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(b) '^Zj7i{f{tj))n = n. 

j 

(c) 7r(/(tj)*)f2 = Zjfl for all j. 

Proof, (i) The existence follows by definition. Since any Cuntz state is pure, 
there always exists a pure extension ([IS], 2.10.1). Especially, if its extension 
is unique, then it is pure automatically. 

(ii) Let Tj := f{tj). 

(a) ^(b) If CO is an /-sub-Cuntz state by z, then 1 from fll.Sp . 

This implies || ~ ^11 = 0- Hence (b) is proved. 

(b) ^(c) By operating n{Tj)* at both sides in (b), (c) is obtained. 

(c) ^(a) coiTj) = {n\7r{Tj)n) = (7r(T,)*fi|H) = = z]. , 


Remark 1.3 (i) An /-sub-Cuntz state by 2 ; is not always unique (see 

Theorem ll.Sf ii or Theorem l2.4f iiH. 

(ii) Any Cuntz state on On is an /-sub-Cuntz state with respect to / = 

ido„. 

(iii) In (II.2p . only special values of an /-sub-Cuntz state by z are given, but 
not its general values. Hence the determination of all values of a given 
/-sub-Cuntz state is one of fundamental problems. 

(iv) If n = m and / is bijective, then / is an automorphism of On- Let 
a denote the standard t/(n)-action on On- If / = for g G U{n), 
then a transformation of any Cuntz state by / is also a Cuntz state. 
In general, if / is an automorphism of then an /-sub-Cuntz state 
by any 2 ; G (C")! is unique. 

We will show other properties of /-sub-Cuntz states in § 12.41 
1.2.3 Geometric progression states 

In this subsection, we introduce a special class of /-sub-Cuntz states on On- 
For 2 < n < 00 and 2 < m < cx), let Si,..., §„ and ti,... ,tm denote Cuntz 
generators of On and Om, respectively. 
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Definition 1.4 (i) When m = {n 

liom{Om,On) by 


/(^(n—l)r+i) • 


fitm) ■= Sl. 


l)k + 1 for k > 1, define f G 


r = 1, \ 

z = l,...,?7, — 1 y’ 


(1.4) 


(ii) When m = oo, define f G Hom(C>oo, C>n) by 

fi^n-iy+i) ■= sl^Si (r > 0, i = 1,... ,n - 1). (1.5) 

Here denotes the unit of On for convenience. We call f the geometric 
progression embedding of Om into On- 

For example, when {n,m) = (2,3), / in fll.ip is given as follows: 

fih) = Si, fih) = S 2 S 1 , fits) = si. (1.6) 

When n = 2 in fll.5p . /(ti)’s are given as follows: 

■Sl, S2S1, S2S1, S 2 'Sl) • • • ) ' 52 '®!) • • • • 

This is the origin of “geometric progression embedding”. Geometric pro¬ 
gression embeddings have appeared in [121 CSl 1211 |29l [301 [32l |3ll [38] • We 
expressly provide the definition of /-sub-Cuntz state for a given geometric 
progression embedding / according to fll.3p as follows. 

(i) For / in (II.4p . uj is an /-sub-Cuntz state hy z = (zi,..., Zm) G (C”^)i := 
{y G C™ : III/11 = 1} if and only if a; is a state on On which satisfies 

( Ci;(s”sj) = Z(^n-i)r+i for all r = 0,1,..., — 1 and i = 1,... ,n — 1, 


I, ^i^n) 

( 1 . 8 ) 

(ii) For / in fll.5p . u is an /-sub-Cuntz state on On for z = (zi, Z2, . ..) G 
if := {y E : |||/|| = 1} if and only if a; is a state on On which satisfies 

= Z(n-l)r+i for all r > 0, i = 1, . . . , 77, - 1. (1.9) 

We call these geometric progression states on On by z of order k and of order 
oo in fll.8l) and fll.9p . respectively. For / in fll.ip . when k = 1, f = ido„- In 
this case, any /-sub-Cuntz state is just a Cuntz state. 

About varieties of geometric progression embeddings and states arising 
from them, see § a 
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1.3 Main theorems 


In this subsection, we show our main theorems. From Lemma ll.2lf i). re¬ 
maining problems on /-sub-Cuntz states are the uniqueness, decomposition 
formulas of mixture states, and their equivalence. We consider these prob¬ 
lems for states introduced in § 11.2.31 

1.3.1 Uniqueness, purity and decomposition of mixture 
Theorem 1.5 (Uniqueness) 

(i) Let m = {n — l)k + 1 for k > 2. For z = {zi,... ,Zm) G (C™)!, 
a geometric progression state co on On by z is unique if and only if 
\zm\ < 1. In this case, oj is pure. We write oj as when \zm\ < 1- 

(ii) For any z & if, a geometric progression state on On by z is unique and 
pure. We write such a state as u)(. 

Remark that if fc = 1 in Theorem II.5f iL then m = n and uj is just the Cuntz 
state by z, which is unique for all z G (C”)i. 

Theorem 1.6 (Decomposition of mixture) For m = {n — l)k + 1 with k > 2 
and z = {zi,..., Zm) G (C™)!, if\zm\ = 1, then a geometric progression state 
on On by z is a convex hull of Cuntz states by {0,..., 0, G C" for 

i = 1,... ,k where q is a k-th root of Zm- 

Since any Cuntz state is a geometric progression state, the set of geometric 
progression states is closed with respect to the pure state decomposition from 
Theorem 11.61 

From Theorem ll.Sf ii and Theorem 11.61 the following holds. 

Corollary 1.7 For m = {n — l)k + 1 for k > 2, a geometric progression 
state to by z = {zi,..., Zm) G (C™)! is pure if and only if 

(i) \zm\ < 1 or, 

(ii) \zm\ = 1 and to is the Cuntz state by (0,... ,0,g) G C” for some k-th 
root q of Zm- 







1.3.2 Equivalence 

For two states oj and u' on On, we write ca ~ cj' if their GNS representations 
are unitarily equivalent. 

Theorem 1.8 Let be as in Theorem \1.5[ 

(i) For m = {n — l)k + 1 with k > 2, define Wm ■= {('it'i, • • • ,Wm) € 

(C™)i : \w„,\ < 1}. For z,y e Wm, ~ (^y if and only if z = y. 

(ii) For z,y E if, ~ u'y if and only if z = y. 

From Theorem 11.81 it is shown that Wm {resp. ifi) is the complete set of 
invariants of unitary equivalence classes of pure geometric progression states 
on On of order k {resp. of order oo). 

Next, we show the equivalence condition between (z E if) and Uy 

{y e >V^). 

Theorem 1.9 Let {ej} denote the standard basis of i? and let z E if 

(i) For y = {yi,... ,yn) E (C")!, let ojy be as in M.2\} . Then ~ Uy if 

and only if lyfi < 1 and z = y where y E i\ is defined as 


n—1 

s-EE ynV'f- 

r>0 i=l 


( 1 . 10 ) 


In this case, = ojy. 

(ii) Assume m = {n — l)k + 1 and k > 2. For y = {yi,... ,ym) E Wm, 
~ ojy if and only if z = y where y E i\ is defined as 


m—1 

s-EE yraVi ^(m—l)r+i- 
r>0 i=l 


( 1 . 11 ) 


In this case, = Uy. 

From Theorem ll.9f if and (ii), and Theorem ll.Sf iih the complete set of in¬ 
variants of all pure geometric progression states on On is given as follows: 

U {(0,..., 0, c) e C” : |c| = 1}. (1.12) 


9 










In other words, every pure geometric progression state is parametrized by 
a vector in fll.l2p . and for any two distinct vectors in fll.l2p . associated 
geometric progression states are not equivalent. 

Next, we show relations between geometric progression states of different 
hnite orders. 

Theorem 1.10 (i) Assume m = {n — l)a + 1 for a > 1. Let z G Wm and 

I = {m — l)k + 1 for some k>l. Define z eWi by 

k—1 m—1 

^ia[rn—l)r+i “ 1 “ 

r=0 i=l 

where {e*} denotes the standard basis of Ch Then 

(ii) LetSm,n denote the set of all geometric progression states on On parametrized 

by z E Wm, lhat is, Sm,n ■= ^ ^ hVm}. If I > m > 2 satisfy that 

m — 1 is a divisor ofl — 1, then Sm^n C Si^n- 

(iii) For any m,l E {{n — l)k + 1 : k > 2}, let p := (m — 1)(/ — 1) + 1 
and z E Wm and y E Wi. Then ~ oOy if and only if the following 
eguation of vectors in holds: 


1—2 m—1 m—2 1—1 

EE yi'a{l-l)r'+i'-\-yT ( 1 - 14 ) 

r=0 i=l r'=D i'=l 

where {cj} denotes the standard basis o/C^. 

(iv) Assume m = {n—l)k+l and k >2. Let z G Wm and y = {yi, ..., ?/„) G 
(C"')i. Let ojy be as in M.IM . Then ~ ooy if and only if \yn\ < 1 and 
z = y where y G (C”*)i is defined as 

k—1 n—1 

ynyj^(n—l)r+j ynO-m 

^=0 j=l 

where {ej} denotes the standard basis o/C™. 


10 







1.3.3 Finite correlation 

For 2 < n < oo, define 

2„:=y{l,..{l,...,n}»:={0}. (1.16) 

l>0 

For n = oo, replace by N := {1,2,...} in fll.161) . For J = 

(ill ■ ■ ■ ijr) £ 1-m we write Sj := Sj^ - ■ ■ Sj^ and let S(d := I for convenience. 
For a state a; on cn is said to be finitely correlated ra if the dimension of 
}C{u) := Lin({7r(sj)*f2 : J G X„}) is finite where ('H,7r,f2) denotes the GNS 
representation by uj. 

Theorem 1.11 For n < oo, any geometric progression state uj on On of 
order k < oo satisfies dim/C(ci;) < k. Especially, oj is finitely correlated. 

It is known that any snb-Cnntz state on On {n < oo) is hnitely correlated 
(see Lemma [2.5f iF. Fnrthermore, it is easily shown that a; is a Cnntz state 
if and only if dim/C(ci;) = 1. 

I. 4 Properties of state parametrization 

In this snbsection, we show properties of the state parametrization 

Z^Uj',eV{On) (1.17) 

where V{On) denotes the set of all pnre states on On and Woo := when 
m = oo for convenience. We consider the natnrality and relevance of the 
parametrization fll.171) . From Theorem 11.51 fll.l7p is injective and it can 
be dehned into the set of all nnitary equivalence classes of pure states (or 
irreducible representations) of On (= the spectrum of On [IS]) from Theorem 

II. 8[ In addition, we show the following two properties: (i) fll.l7p is covariant 
with respect to certain U{n — l)-actions. (ii) fll.171) is an isomorphism of two 
inductive systems. 

1.4.1 U{n — l)-covariance of state parametrization 

We introduce two actions of unitary groups on Wm and V{On) as follows. 
For 2 < m < oo, we write the standard action of U{m) on the vector space 
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C™ as gz for g G U{rn) and z G C"*. Identify U{m — 1) with a subgroup of 
U (m) with respect to the embedding 


U{m — 1) 3 g ^ 


9 0 
0 1 


G U{m). 


( 1 . 18 ) 


The subgroup U{m — 1) of U{m) also acts on C™. From fll.lSp and the 
dehnition of Wm, the subset Wm C C”^ is invariant under the action of 
f/(m — 1), that is, gWm C Wm for all g E l/(m — 1). 

On the other hand, let a denote the standard U (n)-action on On dehned 
by ag{si) := Yl'j=i9ji^j ior i = 1,... ,n and g = (gij) G U{n). For a state 
CO on On, dehne a*(a;) := u o ag-i for g G U{n). Identify U{n — 1) with a 
subgroup of U{n) with respect to the embedding in fll.lSp by replacing m 
with n. By this identihcation, U{n — 1) also acts on On such that ag{sn) = Sn 
for any g E U{n — 1). 

Then we have the following result. 

Theorem 1.12 (U{n — 1)-covariance) 

(i) For m = {n — l)k + 1 {k >2) and z E Wm, the following holds: 

o*gi.^'z) = ^'-gz {geU{n-l)) (1.19) 

where g = {gij) E U{m-1) G U{m) is defined as g(^n-i)a+i,in-i)b+j ■ = 
dabgij for i, j = 1,...,n — 1 and 0 < a,b < k — 1 and gm,m ■= 1 ■ 

(ii) For any z G ii, the following holds: 

<^*gM = ^'gz {9eU{n- 1)) (1.20) 

where g = {gi,j) is the unitary operator on P' defined as g(^n-i)a+i,{n-i)b+j ■ 
dab gij fori,j = 1,..., n — 1 and a,b >0 where gij’s denote matrix com¬ 
ponents of g with respect to the standard basis of . 

Proof, (i) By dehnition, gz E Wm- Hence oo'g^ is uniquely dehned from 
Theorem 11.51 Identify Om with f{Om) for / in fll.4l) . Then we can verify 
{(^*gi.^'z)}{t{n-i)r+i) = {gz){n-i)r+i for all r = 0,1,..., /c -1 and i = l,...,n- 
1, and {a*g{u'^)}(tm) = {gz)m- Hence (y*g{co'fi) = co'g^ by the uniqueness of co'g^. 
(ii) As the same token with the proof of (i), the statement can be proved. | 


12 














From Theorem II. 121^ 1) (resp. (ii)), we see that the parametrization fll.lTp 
is covariant with respect to two actions of U{n — 1) on Wm {resp. if) and 
V{On). When m = n in Theorem 11.121 is just the Cuntz state In 
this case, it is known that (y*{u)z) = Ugz for all g E U{n) and 2 ; G (C”)i ([36], 
(1.14)). Hence Theorem 11.121 is a natural generalization of this covariance. 

1.4.2 State parametrization as an isomorphism between two in¬ 
ductive systems 

For a directed set {D,<), a data {{A^, ^e,d) : d, e G H} is a (set-theoretical) 
inductive system (or directed system) over {D, <) [5] if maps (pe,d '■ Ad ^ Ae 
{d < e) satisfy (pg,e o <Pe,d = y^g,d {d < e < g) and ipd,d = id-A^- For l,k e 
N := {1, 2,...}, if fc is a divisor of /, then we write k -< 1. We introduce two 
inductive systems over the directed set (N, -<). 

Theorem 1.13 Fix 2 <n < 00 . For Sm,n in Theorem \1.10\f ii) and Wm in 
Theorem ]l.Sif i). define 

S{k) : = W{k) := {k > 1). (1.21) 

(i) {(iS(/c), c) : k G N} is an inductive system over (N, -<) with respect to 
inclusions C in Theorem ]l.lGHf ii). 

(ii) When I >- k, define the map ■ W{k) —)■ >V(/) by 

V’i,fc(2;) := 5 (1.22) 

where z is as in Theorem ]!.l(]]f i). Then {(W(/c), V’i.fc) ■ k,l eN} is an 
inductive system over (N, -<). 

(iii) The state parametrization 

: W{k) 3 z^u{e S{k) {k > 1) (1.23) 

gives an isomorphism {^k '■ k > 1} between two inductive systems in 
(i) and (ii). 

Proof, (i) Assume k -< 1. From Theorem ll.lOf iij. S{k) C S{1). We see 
that its inclusion map <pi^k '■ <S{k) ^ S{1) satisfies 0m,; o <pi,k = 4>m,k when 
m I k. 
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(ii) By definition, we can prove ° 4’i,k = 4’m,k when m I y k. Hence 
the statement holds. 

(hi) By dehnition, is a bijection. From proofs of (i) and (ii), the statement 
holds. I 

The paper is organized as follows. In § [21 we will review known results 
and prepare lemmas to prove main theorems. In § [31 we will prove main 
theorems. In § [H we will show examples. 

2 Preparations 

2.1 Equivalent conditions of geometric progression state 

For convenience, we show equivalent conditions of geometric progression state 
here. Let si,..., s„ denote Cuntz generators of On- From Lemma [T72l iB and 
Dehnition 11.41 the following holds. 

Corollary 2.1 Letu be a state on On with the GNS representation ("H, vr, D). 

(i) Assume m = {n — l)k + 1 for k > 1. For z G (C™)!, the following are 
equivalent: 

(a) (jj is a geometric progression state by z. 

k—l n—1 

(b) ^ ^ Z(^n—l)r+i T .2m'^('S^) D kl. 

r=0 i=l 

(c) 7r(sDsj)*D = Z(^n-i)r+iO- for r = 0,1,..., /c — 1 and i = 1,... ,n — l, 
and 7 i{s^)*Q = Zm^- 

(ii) For z G if, the following are equivalent: 

(a) u is a geometric progression state by z. 

n—1 

(b) EE Z(^n—l)r+i 
r>0 i=l 

(c) 7r(s0sj)*D = Z{n_iy^iVL for r > 0 and i = 1,... ,n — 1. 

For the case of /c = 1 in Corollary 12.IH L we obtain the equivalent conditions 
of Cuntz state, that is, the following are equivalent: 
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(i) uj is the Cuntz state by z. 

(ii) {zi7r(si) H-h Zn7r(Sn)}h^ = 

(iii) 7r(si)*f2 = ZiVL for i = 1,..., n. 


We show relations between Cuntz generators of Om and On- 


Lemma 2.2 LetXn he as in 


(i) Assume m = {n — l)k + 1 for k > 2. For f in /jl.fl ), we write f{ti) 
as ti for short. For any J G there exists a unique pair (J, a) G 


Xm X {0,1,..., fc — 1} such that sj = tjs° 


(ii) For f in U.5\) . we write fitf) as ti for short. For any J G X„, there 
exists a unique pair (J, a) G x Z>o such that sj = tjs^. 

Proof. See Appendix i 


2.2 Sub-Cuntz states 

In this subsection, we review sub-Cuntz state [36] • For m > 1, let Vn,m denote 
the complex Hilbert space with the orthonormal basis {ej : J G {1,..., n}™}, 
that is, Vn,n^ = ^'({1,... ,nr) = Let := {z G : ||^|| = 1}. 


Definition 2.3 For z = '^zjCj G {Vn,m)i, oj is a sub-Cuntz state on On by 
z if u is a state on On which satisfies the following equations: 

^isj)='zj for all J e {I,... ,n}'^ (2.1) 

where sj := Sjj • • • sj^ when .J = (ji, • • • Om), o.nd YJ denotes the complex 
conjugate of zj. In this case, to is called a sub-Cuntz state of order m. 

A sub-Cuntz state to of order 1 is just a Cuntz state. A sub-Cuntz state 
to of order m is an /-sub-Cuntz state with respect to the embedding / G 
Hom(C>„m, On) dehned by 

f{ti):=sj(i) {i = l,...,n^) (2.2) 
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where J{i) = (ji,... ,jm) ^ {1, • • •, is defined as i = Yl^=iijr ~ ^ + 

1. For example, if {n,m) = (2,2), then we obtain (J(l), J(2), J(3), J(4)) = 

(( 1 , 1 ),( 1 , 2 ),( 2 , 1 ),( 2 , 2 )). 

We identify Vn,m with by the correspondence between bases 

ej 1 -^ (8) • • • 0 for J = (ji,... ,jm) G n}™. From this identifi¬ 

cation, we obtain Vn,m ® Vn,i = Vn,m+i for any m,l > 1. Then the following 
hold. 

Theorem 2.4 (i) (J3^, Fact 1.3) For any z G {yn,m)i, o sub-Cuntz state 

on On by z exists. 

(ii) (m, Theorem I. 4 ) For a sub-Cuntz state oj on On by z & 

is unique if and only if z is nonperiodic, that is, z = for some x 
implies p = 1. In this case, to is pure and we write it as uoz. 

(hi) (IMf, Theorem 1.5) Let p > 2 and z = x^^ for a nonperiodic element 
X e If ^ is a sub-Cuntz state on On by z, then to is a convex 

hull of sub-Cuntz states by forj = 1,... ,p. 

(iv) (JSBf, Theorem 1.7) For z,y G [Jrn>i0^n,m)i, assume that both z and y 
are nonperiodic. Then the following are equivalent: 

(a) CNS representations by uOz and uOy are unitarily equivalent. 

(b) 2 ; and y are conjugate, that is, z = y, or z = X\®X 2 and y = X 2 ®xi 
for some a;i,X 2 G 

About concrete examples, see Example 14.31 (see also § 4 in [36]). 

Lemma 2.5 (i) (fSSf, Lemma 2.4(i)) When n < 00 , any sub-Cuntz state 

on On is finitely correlated. 

(ii) (W^ - Lemma 2.4(ii)) If 00 is a sub-Cuntz state with the CNS represen¬ 
tation {71,71,1}), then Lin({7r(sj)r2 : J G X„}) is dense in 71. 

(hi) Theorem 2.3) Fix m > 1. Let u be a state on On with the CNS 

representation {7i,7i,VL). For z = ^ (yn,m)i, the following are 

equivalent: 

(a) u is a sub-Cuntz state by z. 

(b) n = 7r(s(2;))r2 where 5 ( 2 ;) ;= 

(c) 7r(sj)*r2 = zjH for all J G {1,..., n}'^. 
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2.3 GNS representations by geometric progression states 

In this subsection, we show properties of GNS representations by geometric 
progression states. Let be as in fll.lbp . For J = £ In and 

= {zi, ..., Zn) e C”, we write Zj := Zj^ ■ ■ ■ Zj^ and Z0 := 1 for convenience. 

Lemma 2.6 Assume m = {n — l)k + 1 for k > 2. For z G (C™)!, let uj 

be a geometric progression state on On by z with the GNS representation 
{n,7r,n). 

(i) For any J G Xn, tt{sj)*VL G Lin({7r(s“)*r2 : a = 0,..., A; — 1}). 

(ii) For any J G Xn, 7r{sj)*Q G Lin({7r(s2,)r2 : L G Xn}) . 

(hi) Lin({7r(sL)r2 : L G Xn}) is dense in XL. 

Proof, (i) From Lemma [2.2f ii and Lemma [1.2lf iiFfa)^fc)). we obtain 

7r(sj)*G = TTitjSfyn = TT{sl)*TT{tj)*n = Y]Tl{siyVL (2.3) 

for some (J, a) with 0 < a < /c — 1. Hence the statement holds. 

(ii) From Corollary 12. 1 f ilf fai fbH. we can prove 

k—1 n—1 

T^Kyn = |^^2;(n-i)r+*7r«-“si) + 2;™7r(s^"“)|G. (2.4) 

r=a 2=1 

From this and (i), the statement holds. 

(hi) Since Lin({7r(sjs|f)r2 : J,K E X„}) is dense in "H, the statement holds 
from (ii). I 


Lemma 2.7 For z E if, let u be a geometric progression state on On by z 
with the GNS representation {Xi,Ti,VL). 

(i) For any J E Xn, 7r(sj)*r2 G Lin({7r(s“)*r2 : a > 0}). 

(ii) For any .J E Xn, 7r(sj)*r2 G Lin({7r(s2,)r2 : L E Xn}). 

(hi) Lin({7r(sL)r2 : L E X„}) is dense in XL. 

Proof. Byreplacing “Lemma l2.2l iV’ in the proof of Lemma l2.6l with “Lemma 
I2.2f ii)”. all statements can be verified. i 
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2.4 General properties of /-sub-Cuntz states 

Lemma 2.8 Assume that A is a unital C*-algebra and B is a unital C*- 
subalgebra of A. For two states oj and oj' on A, ifoj is pure and the restriction 
tt^Ib is irreducible, then uj ^ uj' implies uj\b ~ cu'Ib- 

Proof. Assume to ~ to'. Since to is pure, to' is also pure. Hence there exists 
an irreducible representation tt of A on a Hilbert space "H with two cyclic unit 
vectors H and such that to = (H| 7 r(-)f 2 ) and to' = (f 2 '| 7 r(-)H'). By assump¬ 
tion, 7 r{B)v = PL for any nonzero vector n G 'H. Hence 7 r{B)Q = PL = 7r{B)Q'. 
From this, (7r(i?)f2, ttIb) and (7r(i?)H', ttIb) are unitarily equivalent as rep¬ 
resentations of B. Since to\B = (H|7r|B(-)^) and cj'Ib = 
obtain to\B ~ oo'\b. i 

Lemma 12.81 does not hold when tTc^Ib is not irreducible. For example, let 
A := M^ifC) r\ and H := C © M 2 (C) C A, and let 61 , 62,63 denote the 
standard basis of C^. Dehne two states to := ( 6 i|(-) 6 i) and to' := ( 62 |(-)e 2 ) 
on A. Then to ~ to', but to\B 7 ^ to'\B. 

Let := C”* when m < 00 and and dehne := 

{v G : ||n|| = 1} for 2 < m < cx). Let {PLi^,tt^,Q,^) denote the GNS 
representation by a state 00 . 

Corollary 2.9 For 2 < m < 00 , fix f E Hom(C>m, On) and identify Om 
with f{Oni). For z,y E let to and to' be f-sub-Cuntz states by z and y, 

respectively such that n^\om irreducible. If to to', then z = y. 

Proof. Assume 00 ^ to'. Remark that restrictions to\o„, and to'\on, are Cuntz 
states tOz and Uy on respectively by dehnition. From this and Lemma 
12.81 tOz = oo\o^ ~ ^'\om — This is equivalent to z = y. | 

For given two embeddings / and g, we show a sufficient condition of the 
equivalence between /-sub-Cuntz states and ^f-sub-Cuntz states. 

Theorem 2.10 For 2 <m,l < 00 , let f E Hom(C>m, and g G Hom(C>;,C>n) 
and let ti,... ,tm and Ui,... ,ui denote Cuntz generators of Om and Oi, re¬ 
spectively. For z E and y E , assume 

f{t{^))= 9 {u{y)) (2.5) 

for t{z) := X)”Li ^jtj e Om and u{y) := X)-=i ^ 
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(i) For a state u on On, oj is an f-sub-Cuntz state by z if and only if u is 
a g-sub-Cuntz state by y. 

(ii) If an f -sub-Cuntz state by z or a g-sub-Cuntz state by y is unique, then 
they coincide as a state on On- Especially, they are equivalent. 

Proof, (i) From Lemma [Tl2]^ii)((a)-v^(b)) and fl2.5p . the statement holds. 

(ii) From (i), if one is unique, then so is other. Hence the statement holds 
from (i). I 


3 Proofs of main theorems 

3.1 Proofs of Theorem 11.51 and Theorem 11.61 

In order to prove Theorem 11.51 we show formulas of explicit values of geo¬ 
metric progression states. Let X„ be as in fll.lbp . 

Theorem 3.1 Fix k > 2 and let m = {n — l)k + 1. For z = [zi ,..., Zm) G 
(C™)!, let u be a geometric progression state on On by z. If \zni\ < I, then 
the following holds: 

(i) For f in O. we write f(ti) as ti for short. For J, K G X„, there exist 
unique (J, a) and {K, b) in Xm x {0,1,..., A; — 1} such that sj = tjaf, 
sk = tjisi and u{sjs*k) = 

(ii) When 0<a<b<k — 1, 




(n—l)(fc—c) 


Zc := ^ Z(n-l)c+rZr { 0 <C<k-l), Zfc := 0. (3.2) 


r=l 


Proof, (i) From Lemma [2.2f i) and Lemma [1.2f ii)((a)^(c)). the statement 


holds. 
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(ii) Let Oa,b ■= Assume k — 2>b>a>0. By Corollary 

and X]r=i~ obtain 

n n—1 

0a,fo ^ ^ ^ (^n) ) ^ ^(n—l)a-i-i^(n—l)b-i-i H“ 0a+l,fe+l* (2’2) 

i=l i=l 

By repetition to 0a+i,fe+i, we obtain 


k-l—b-j-o, n—1 


Oa,b = E E ^(n—l)r-j-Z'^(n—l)(r+b—a)+i “1“ 0/c— 


&+a,/c 


2 = 1 


(n—l)(k—b+a) 

y ^j^(n-l)(b-a)+j + )• 

j=(n-l)a+l 


(3.4) 


On the other hand, from Corollary 12.If iiffal^fbi). 


u 



n—1 k—1 


*=1 _ 

Za + Zma;(4"“) 


(3.5) 


where we use when j>a and = 0 when 

j < a. By replacing a with k—a in (13.5p . we obtain u){s^~°‘) = Zk-a+Zm^{s'^). 
By substituting this into fl3.5p . we obtain 


^mZ k—a 


(0 < a < k). 


From this and fl3.4p . the statement is verihed. 


(3.6) 


Theorem 3.2 For z ^ let u be a geometric progression state on On by 

z. For f in we write f{ti) as ti for short. For J, K E In, there exist 

unigue (J, a) and {K, b) in Too x Z>o such that sj = tjsf, sk = and 

^{sjSr) ~ y ^{n-l)a+j ^(n-l)b+j- ( 3 - 7 ) 

J>1 
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Proof. Let J,K G X„. From Lemma l2.2t iL and Lemma [T^ii)((a)=^(c)), 
oj^sjs]^) = for some (J, a) and {K, b). From Corollary 12.If iiL 

we can prove a;(s“(4)*) = Y.j>i z^n-i)a+jZ{n-i)b+j- Hence ([32D is proved. | 

Proof of Theorem \1.6[ . If \zm\ = 1, then the equation ZmT^{s^PL = H holds 
from Corollary l2.1f i')Ha)^fbH. Hence the state is a sub-Cuntz state by 
Zm€-®^ G (Vn,fc)i from Lemma [23](iii)((b)^(a)). From Theorem l2.4H ii). the 
statement holds. i 

Proof of Theorem \1.5[ (i) (<^=) From Theorem 13.11 the statement holds. 

(^) From Theorem 11.61 the statement holds. 

(ii) From Theorem 13.21 the statement holds. i 


3.2 Proof of Theorem 11.8 


In order to prove Theorem 11.81 we show the following theorem. 

Theorem 3.3 For a state u, let denote the GNS representation by u. 

(i) Identify O^o with /(Ooo) for f in U.5\) . For z G If, let he as in 
Theorem \1.5\f ii) and let be the Cuntz state on O^o by z. Then the 
restriction tTui'Jo^ to O^o is unitarily equivalent to that is, 

7ra;'|c>oo ~ Especially, looo irreducible. 


(ii) Assume m = {n — l)k + 1 for k > 2. Identify Om with f{Om) for f 

let be as in Theorem M.,W i) and let be the 
Then the restriction n^j/Jorn to O. 

that IS, Especxally, 


in jl.ff) . For z G >Vm, 
Cuntz state on Om by z 
unitarily equivalent to 
irreducible. 


m f'S 

is 


Proof. Let ("H, tt , H) denote the GNS representation by u)'„, and we write 
7r(sj) as Si for short. 

(i) It is sufficient to show that OooH is dense in Pi. From Lemma [2.7f iiiL it 
suffices to show SjVL G OooH for all J . From Lemma 12.21 for any J E Tn, 
sjll = tjs^Q G for some {J,a). Hence it is enough to show G 

C>ooH for any a. Since = s“ SiS* = t(n-i)a+Xi + we 

obtain 


n—1 


sfn = ^ 2;X(n-i)a+iH + (3.8) 

i=l 
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where we use Lemma [II2](ii)((a)=^(c)). Since X]r=i 

in fl3.8p . we obtain 




n—1 n—1 

^ ^ '^(0? i)t{n—l)a+i^ ~t~ ^)^(n—l)(a+l)+i^ H“ ('^n) ^ 

i=l i=l 

1 n—1 

EE z[t, i)t(^rL—l){a+r)+i^ (s^) 

r=0 i=l 


(3.9) 


R-ln-1 

= EE 

r=0 i=l 

for all integer i? > 1 where z{r,i) := Z(^n-i)r+i- Since ||s“+^(s^)*r2|p = 
||(s^)*n||^ = Y.r>i\Hn-i)R+r\^ ^om Theorem [S^l -)■ 0 when 

i? —>■ oo. From this and 03.91) . we obtain s'^Q = J2r>o YIaZi i)t(n-i)(a+r)+i^ ^ 
Ooo^ for any a > 1. 

(ii) From Lemma I2.6r iii). it is sufficient to show sjVL G OrrS^ for all J. 
From Lemma 12.21 for any J G X„, sjfl = t js“r2 G OmS^^ for some J 
and 0 < a < /c — 1. Hence it is sufficient to show s^VL G Om^ for any 
0 < a < A; - 1. By using s“ = YrZI '^{n-i)a+it* + and the analogy of 

03.9p . we can prove 


k—a—1 n—1 

s“f2 = ^ + (3.10) 

r=0 i=l 

On the other hand, (s^"“)*0 = Z)r=La Z)r=/+ By 

substituting this into O3.10p . we obtain 

n—1 rk—a—l k—1 


Sn^= aYl Y1 


n—l)(a-\-r)-\-' 




n—l){r—{k—a))-\-i 


i=l 1- r=0 


r=k—a 


n 


_ (3.11) 

where g := / + X)/>i(^m^m)^ ^ Hence G Om^ for all 0 < a < k — 1. | 


Proof of Theorem M.Sl (i) It is sufficient to show that ~ Uy implies z = y. 
From Theorem Id.df iiL this holds from Lemma [2.81 and Corollary 12.91 
(ii) As the same token with the proof of (i), the statement holds from Theo¬ 
rem [3]3](i). I 
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3.3 Proof of Theorem 11.9 

Assume m = {n — l)k + 1 for /c > 1 . Let si,..., ui,..., Um and fi, t 2 ■ ■ ■ 
denote Cuntz generators of Om and C>oo, respectively. Identify Om and 
Ooo with images of geometric progression embeddings in On- 

Proof of Theorem\r^i). Let t{z) ;= and s{y) := YJi=iyiSi- 

(=^) Assume ~ ujy. Then we can assume that On acts on a Hilbert 
space PL with two cyclic unit vectors and such that t{z)VL = and 
s{y)Pt' = Pt'. Remark that = (f2|(-)n) and Uy = (f2'|(-)f2') from Corollary 
l2.1f iiRfbl=^faH and Lemma ITSH iil HbW1 all. Let X := (f2|f2'). Then 

X = = '^zl{m\Q;) = aX (3.12) 

i>l 

where a := YJjZl Z(n-i)r+jylyj e C. Since {sjQ\Q') = yjX for all J, 
if X = 0, then 7 ^ Uy. Hence X 7 ^ 0. From this and fl3.12p . a = 1. This 
implies \yn\ < 1. Hence ||y|| = 1 and we can write a = {z\y). From {z\y) = 1 
and |l 2 ;|| = ||y|| = 1 , we obtain z = y. 

(^) Assume that \yn\ < 1 and z = y. Let ("H, vr, 12') denote the GNS rep¬ 
resentation by Uy. Then 7 r{s{y))Q' = 12'. By assumption, we can verify 

Tr{t{z))kl' = 12'. From this and Corollary l2.1f iilHbl=»fa)L u'^ = Uy. Espe¬ 
cially, u'^ Uy. I 

Proof of Theorem \1.9\f ii). (^) In On, we obtain t(^rn-i)r+i = 'KnTi for r > 0 
and i = — 1. From this, we can verify that u'^\om is the geometric 

progression state on Om by z. From Theorem l3.3f iil and Lemma [231 1^2 ~ ojy 
implies 

^'z\Om ^ ^y\Om- (3.13) 

By definition, Uy\om is the Cuntz state on Om by y. Applying Theorem II.9f il 
to 03.131) by replacing {On, O^o) with {Om, Ooo), we obtain z = y. 

(*y=) Assume that On acts on a Hilbert space PL with a cyclic unit vector 
12' such that u{y)VL' = 12' where u{y) := Y^^=iyj'^j- Then u'y = (12'|(-)12'). 
Dehne Y := ym and y' ■.= y — Ycm- z = y, then we obtain 

*W = P'M) 

r>0 

where we use t(^m-i)r+j = KnY-j- U := Yum ^ Om C On- Then we obtain 
t{z) = {I—U)~^u{y'). From 03.14p aia.du{y')kl' = {I—Yum)0.' = (1—17)12', we 
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obtain t{z)Q,' = {I — U) ^u{y')Q,' = Q,'. From this, Lemma [TT^ iii ffbWfaii 
and the nniqneness of we obtain uj'^ = oj'y. Especially, Uy. | 


3.4 Proofs of Theorem 11.101 and Theorem 11.111 

Proof of Theorem \ 1.1 (A (i) Since I = (m — l)k + 1 = (n — l)ak + 1, there 
exists the geometric progression embedding of Oi into On- By assnmption 
and the choice of z, \zi\ = \z^\ < 1. Hence z G W/. Let and 

ui, ... ,ui denote Cnntz generators of Om and Oi, respectively. Identify Om 
and Oi with images of geometric progression embeddings in On, respectively. 
Let T := E^=(! ^ C C>„. Then we see T = 

:= Ej=l e C On- Let z' := Z - ZmCm e C™ and Z := Zmtm e 

Om C On- Then we can rewrite T = Ylr=oi^rntmY t{z') + {zmtmY = (^ - 
ZY{I — Z)~^t{z') + Z^. Let {1-L,'k,Vl) denote the GNS representation by 
uY We write 7r(sj) as s* for short. Since H = t{z)PL = {t{z') + Zmtm}^, 
t{z')Q = (/ — Zmtm)^ = (1 “ Z)Q. By using these, we obtain u{z)Q = TQ = 
{(/ — ZY{I — Zi)~H[z') + Z^}Pt = f2. From this. Lemma [TT^ iiFfbW(a)i 
and the uniqueness of the statement holds. 

(ii) From (i), the statement holds. 

(hi) By assumption, m = {n — l)a + 1 and I = {n — l)b + 1 for some a,b > 1. 
Since p = {n — l)^a&+ 1, we can dehne the geometric progression embedding 
of Op into On- Therefore Sm,n UiS; ,n C Sp^n from (ii). From fll.ldp . we obtain 
z,y E Wp such that a;(. = and ujy = uj^ Hence ~ oj'y if and only if 
^'z ~ ^'y- This is equivalent to z = y from Theorem ll.Sf iL Since z and y 
coincide with the l.h.s. and the r.h.s. of fll.lip . respectively, the statement 
holds. 

(iv) From Theorem II. 9H iL a;(, ~ ojt. Hence ~ Uy is equivalent to cat ~ ojy. 
From Theorem ll.QH L this is equivalent that \yn\ < 1 and z = y. By dehni- 
tions of z, y and jj, we can verify that this is equivalent that \yn\ < 1 and 
z = y- I 

Proof of Theorem M . 1 1[ From Lemma [2.6l i). the statement holds. | 
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4 Examples 

4.1 Geometric progression states on O 2 

In this subsection, we show definitions and theorems for geometric progres¬ 
sion states on O 2 of order 2 and 00 as examples of main theorems. Let si, S 2 
denote Cuntz generators of 02 - 

4.1.1 Case of order 2 

We summarize properties of geometric progression states on O 2 of order 2. 
Define (C^)i := {{wi,W 2 ,Ws) G = !}• By definition, 

a; is a geometric progression state on O 2 by .2 = (^ 1 ,^ 2 , 2:3) G (C^)i if and 
only if uj satisfies the following equations: 


a;(si) = zi, uj{s2Si) = Z2, u:{sl) = 2:3. ( 4 . 1 ) 

For a state uj on O 2 with the GNS representation ("H, vr, cn), the following are 

equivalent from Corollary I2.11 i): 

(i) a; is a geometric progression state by . 2 . 

(ii) {zi7r(si) Z2'k{s2Si) + Z37r(s2)}C = Vt. 

(iii) 7r(si)*f2 = ziD, 7r(s2Si)*C = Z 2 ^ and 7r(s|)*f2 = Z 3 f 2 . 

Corollary 4.1 (i) A geometric progression state on O 2 by z = (zi, Z 2 , Z 3 ) G 

(C“)i is unigue if and only if \z 3 \ <1. In this case, it is pure and we 
write such a state as uj',, . 

(ii) Forz,y G W 3 := {{wi,W 2 ,W 3 ) G (C^)! : \w 3 \ < 1}, ~ u'y if and only 

if z = y. 

(iii) For z G W 3 , uj'^ is eguivalent to the Cuntz state Uy on O 2 by y = 
(1/1,1/2) e (C 2 )i if and only if \y 2 \ < I and z = (|/i, I/2I/1, l/^)- 

Proof, (i) See Theorem ll.Sf iL (ii) See Theorem ll.Sf iL (iii) See Theorem 

ll-lOt ivB I 
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An idea of this study was brought from the following example. Abe [T] 
constructed a representation ("H, vr) of O2 with a cyclic vector fl E H which 
satisfies 

—^7r(si + S2Si)hl = hi. (4-2) 

v2 

By generalizing this, we obtained a class of representations of On and showed 
their properties ([30], Lemma 2.1). From Corollary 14.11 the representation 
in fl4.2p is unitarily equivalent to the GNS representation by the geometric 
progression state a;(, on O2 for 2; = (l/\/2, l/\/2, 0) G and it is irreducible. 

4.1.2 Case of order 00 

A state to on O2 is a geometric progression state hy z = {zi,Z2,.--) G 
if := {{zi) : Zi E C for all i and = 1} if ^^^1 only if to satisfies 

a;(s2~^Si) = for all n > 1. From Corollary I2.1f ii). this is equivalent that 
{ziSi + Z2S2S1 + + • ■ ■)hl = hi, or 7r(s2~^Si)*hl = ^r^hl for all n > 1 where 

("H, TT, hi) denotes the GNS representation by 00. 

Corollary 4.2 (i) For any z E a geometric progression state on O2 by 

z exists uniguely and is pure. We write it as to'^. 

(ii) For z,y E 00'^ ~ oOy if and only if z = y. 

(hi) Fory = {yi,y2) G (C^)i, let toy denote the Cuntz state on O2 byy. For 
z E il, ~ ujy if and only if \y2\ < 1 and z = ( 2 / 1 , 2 / 2 I/ 1 , l/fl/i, • • •)■ 

In this case, to'^ = ^y 

(iv) For z Ei\ and y = {yi,y2, 2/3) G hVa, a;(, ~ if and only if 

Z = (2/1,2/2, 2/32/1, 2/32/2,2/3//1, yly 2 , • • •)• (4-3) 

In this case, to'^ = ^'y 

Proof, (i) See Theorem ll.Sf iiL (ii) See Theorem ll.Sf iiL (iii) See Theorem 
ll.Qf i). (iv) See Theorem II.bf ii). I 

From Corollary 14.21 1111. ~ tOy if and only if the sequence 2; is just a 

geometric progression of complex numbers with initial value 2/1 and common 
ratio 2/2 such that I2/1P + I2/2P = 1 and I2/2I < 1- In this sense, we can regard 
geometric progression states as generalizations of geometric progressions of 
complex numbers. 
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4.2 Typical examples 

Example 4.3 Let f/(l) := {c G C : |c| = 1}. As examples of Corollary 14.11 
we show three kinds of states on C> 2 . For c G U{1), three states pc, p'^, p” on 
O 2 which satisfy 

Pc(si) = c, Pc{s 2 Si) = c, p"(si + S 2 S 1 ) = V2c (4.4) 

exist uniqnely and are pure. They are the Cuntz state, the sub-Cuntz 
state and the geometric progression state on O 2 by (c, 0), (0,c) (8) (1,0) and 
(c2“^/^, 0), respectively. Any two distinct states in the set {pcP'ciPc • 

c G tl(l)} are not equivalent. They can be unihed as the geometric progres¬ 
sion state Pci,c 2 which satishes 

Pci,c2(ciSi -f C 2 S 2 S 1 ) = 1 ((ci,C2) G (C^)i). (4-5) 

In fact, we see that pc = Pc,0) p'c — Po,c and p" = Pc2-i/2^c2-i/2 for c G 
t/(l). Any two distinct states in the set {pci,c 2 • (^ 1 , 02 ) G (C^)i} are not 
equivalent. From this, general geometric progression states can be regarded 
as interpolations between two (or many) special sub-Cuntz states of different 
orders. 


Next, we show an example of Corollary 14.21 Let ({x) denote the Rie- 
mann zeta function for a positive real number x > 1, that is, (C(x) : = 

Proposition 4.4 Fix x > 1. Assume that a state u on O 2 satisfies 


cu(s2 ^5l) 

n=l 


kCW- 


(4.6) 


Then the following holds. 

(i) For any x, to exists uniquely and is pure. We write to as Kx. Then 
i^x ~ if and only if x = x'. 

(ii) Let Pci,c 2 be as in Example \ 4 .P\ For any x and (ci,C2) G (C^)i, Kx 7^ 

Pci,C2 ■ 
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Proof, (i) Define z(x) := {zn{x)) G by Zn{x) := {C,{x)'nP}~^/‘^ G M for n > 
1. Then we see ||z(x)|p = 1. Hence z(x) G From this and the dehnition, u 
is the geometric progression state on O2 by z{x). From Corollary I4.2r i'). the 
uniqueness and purity hold. From Corollary 14 .2 n il, the equiyalence condition 
holds because z(x) = z(x') if and only if a: = x'. 

(ii) By dehnition, we see that Pci,c 2 is the geometric progression state on O 2 
by (ci,C 2 , 0 ) G W 3 . From Corollary I4.2f iy). the statement holds. | 


4.3 Transformations of geometric progression states 

We show transformations of geometric progression states of order 2 and their 
equiyalence. Let / be as in (II.4p for m = 2n — 1. Let si,...,s„ and 
ti,... ,t 2 n-i denote Cuntz generators of On and 02 ^- 1 , respectiyely. Dehne 
a G KvXOn and G AutC> 2 n-i by 

Q!(si) := Sn-i+i {i = I,... ,n), := t 2 n-j (j = 1,..., 2n - 1). (4.7) 

Then a~^ = a and /3~^ = jS. Dehne /' G Hom(C> 2 n-i 5 On) by /' := a o / o /3. 
Then we can yerify 

(/'(tl), . . . , f(t2n-l)) = (Si, S 1 S 2 , S 1 S 3 . . . , SiS„, S 2 , S 3 , ... , S„). (4.8) 

By dehnition, to is an /'-sub-Cuntz state on On hj z = {zi,..., Z 2 n-i) G 
((j^ 2 n-i)i -j? if cj is a state on On which satishes 

{ a;(s?) = z^, u{SiS 2 ) = z^,..., Uj{SiSn) = 

_ _ (4.9) 

^('^ 2 ) • • • j^(^n) ^2n—l- 


Proposition 4.5 Let z = (zi,..., Z 2 n-i) G (C^” ^)i. 

(i) For an f-sub-Cuntz state to on On by z, the following holds: 

(a) a; o a is the geometric progression state by {z2n-i, Z2n-2, ■ ■ ■ ,^1)- 

(b) u is unigue if and only if \zi\ < 1 . In this case, u is pure and we 
write to as rj^. 

(ii) Define Wan-i := {(wi, • • •, W2n-i) e (C^”"^)! : |wi| < 1 }. For z,y G 
Wk-i; Vz ~ % if and only if z = y. 
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Proof, (i) (a) By assumption, the statement holds. 

(b) From (a) and Theorem II. Slf ih the statement holds, 
(ii) From (i)(a) and Theorem ll.Sl ih the statement holds. 


Appendix 


In order to prove Lemma 12.21 we show a lemma associated with a free semi¬ 
group and its subsemigroups. Fix 2 < u < cxo. Let si, ..., denote Cuntz 
generators of On- Let be as in fll.lbp and := {sj : J G X„, J 7 ^ 0}. 
Then S„ is the non-selfadjoint subsemigroup of On generated by Si, ..., 
without unit, and it is free [231133] • For two nonempty subsets X,Y (Z S,„, 
dehne XY := {xy: x e X, y e Y} and := {/}, X“ := for a > 1. 

Let A and B denote subsemigroups of S„ generated by {si,... and 

{sji}, respectively: 

A := {{si,...,s„_i}), B := {{sn}) = {sf-. a>l}. (A.l) 

Since coincides with the free product A* B [23l 03], any x E Sn belongs 
to one of the following: 

A{BAY, A{BAYB, {BAf, {BAfB (A.2) 

for some a > 0 and a' > 1. 

By identifying ti with f(ti) in Dehnition II.4[ we regard ti,t 2 ,... G On- 
Let Tm denote the subsemigroup of generated by ti,t 2 , ■ ■ ■■ Then T^ is 
also free. Since tj = Sj for i = 1,..., n — 1, A C T^. 

Lemma A.l For any 2 < m < 00 and a > 1, {BAY X Ym- 

Proof. It is sufficient to show BA C. T^. 

(i) Assume m < 00 . If x G BA, then x = sfy for some a > 1 and y E A. 

Then we can write a = a'k -|- a" and y = Siy' for some a' > 0, 0 < a" < /c — 1, 
(o', a") Y (0) 0)) some 1 < i < n — 1 and y' G A U {/}. From these and 
A C T^, X = = tYt{^n-i)a"+iy' e T^. 

(ii) Assume m = 00 . \i x E BA, then x = s^y for some a > 1 and y E A. 
Then we can write y = Siy' for some 1 < i < u — 1 and y' G A U {/}. From 


A Proof of Lemma 2.2 
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these and A C Too, x = = t(n-l)a+il/' e Too- 


Proof of Lemma \2.^ (i) Assume m < oo. Let T ;= and x = sj. If x G T, 
then the statement holds because T = Ts°. We check the statement for each 
case in flA.2p as follows. 


(a) Assume x G A{BA)°‘ for some a > 0. Since A C T, x G C T 

from Lemma fA.il Hence the statement holds. 

(b) Assume x G A{BA)°‘B for some a > 0. From A C T and Lemma [A. 11 
we can write x = x's’f for some x' G T and b > 1. Then we can write 
b = b'k + b” for some b' > 0, 0 < b" < k — 1 and {b', b”) ^ (0, 0). Then 
X = x' = xT^s^ G Ts^ . Hence the statement holds. 

(c) Assume x G [BA)^' for some a' > 1. From Lemma fA.il the statement 
holds. 

(d) Assume x G {BA^B for some a > 0. Along with (b), the statement 
holds. 


(ii) Let T ;= Too. Remark that if x G T, then the statement holds because 
T = Ts°. Except the case of (b) in the proof of (i), the statement for each 
case in (1A.2I1 holds as (i). Assume x G A{BA)°‘B for some a > 1. From 
A C T and Lemma fA.ll we can write x = Ps’f for some x' G T and & > 1. 
Hence the statement holds. ■ 
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